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A Discussonon alLimit Theorem and Its Application

YUAN NarrQiao
(Dept. of Math, Daxian Teachers College, Dazhou 635000, China)

Abgract : This paper proposes that a limit theorem can help to lve a specific limit problem of sum
formula and that some limit of product formula can also be lved by exploiting the feature of logarithm
function.
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In calculus, we will usually solve a specific limit problem of sum formula

S R
e+l n+2 n+nt

Xn =

But this sumformula can’t sum directly, and it can’ t change into some kinds of function’ s integral
sum. So it is hard to work out itslimit , for solve this problem.

This paper’ sproposesisthat alimit theorem can help to solve thislimit problem of sum formula
and that some limit of product formula can a 0 be solved by logarithm function.

Theorem 1 Let (a) f be differentiable at x=0 and f (0) =0,(b) g be integrable for x [a,b].
We have

Jim, f[gekmxk]=f'<0)J’:g<x)dx,

where T:a=x1 <% < <xn=b,&x [Xe-1, Xe] , AXc=Xc- xe-1, I T :1@‘Els><n{Axk}.

Proof By the (a) , for everye >0 thereisad: >0 such that | x| <. implies| f(x) - f' (0) x| <€| x| .

Then by the (b) , there exists a rea number M >0 such that | g(x)| <M for x [a,b] and there
isad, >0 such that I Tl <d:implies

‘ zgéi)Axi -I:g(X)dx

Letd :mir{&,é—z} ,0owhen I TI <6, we get

<E.

‘ Zf[gﬁ DAx ] - f (O)I g(x) dx

| Zf[gé DAx ] - ' (0) Zgﬁ )AX||+I f' (0) | ‘ Zg(f DAX - J’g(X)dx
<|f (0] + _Zlf[gﬁi)ﬂxi]- f' (0) g€ )A x|
<| f (0)] + _ZE| g€ )A x| ( | g€ )A xi| <d1)

<e| f' (0)] +€ M _ZAxi:sH f'(0)] +M(b- @]
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and therefore

dim iz flg€NAx]=f (O)I: g(x) dx.

We note the preceding argument was based on the assumption that f (0) =0. For the case that

f (0) #0. We can show that IIITi"m0 Z flg€i)Axi]=+ o for f(0) >0 and I|m _ flg€)Ax]

T
= - oo for f(0) <O0.
Let f (x) = x then theorem 1 has become

I I'Ii'IIrTLO iz gé 8 x :I: g (x) dx.

Thisis definition of definite integral , and by logarithm function we get
Coralary 2 If f be differentiableat x=0and f (0) =1 and g be integrablefor xinto [ a,b] then
we have

||T|| 0 nf gék)AXk]—eXp{f (O)I g(x)d} )

In practical is usually divide [0,1] into nparts, and chooseé « -k 0 (k=1,2, ,n.
Corollary 3 Let f be differentiable at x =0 and g be integrable for xinto [0,1], then we have

(&) If f(0) =0, we have
R I N " B R .
lim f[ ng[ n]] =f (O)J'0 g(x) dx.

ks

(b) If £(0) =1, we have

lim nf[ [nﬂ =exp{f’ (O)I:g(x)d,}.

Proof By that theorem 1 and logarithm function, we get

Jim kEl f[ g€ A x] = IIITi"mHOexp{ kZlnf[ g€ k)AXk]}

_eXp{n“umﬁok Inf[ gék)AXkﬁ = ex;{[lnf(x) 1" x=0 :g(x)d%
:ex'o{ f(O)J’ag(X)d)} =exp{f' (o)J’ag(x)dx} _

Example 1 Evaluate each of the following:

_ 12 2 2
(a L|ﬂn;|:4 12+4+22+ +n4+n2-

-

(b) In'fﬂ[ +12 * n + 22 * "+

(c) lim { +J§_1J .
n - oo Kk n
(d) lim [sinkgﬂ _

(e I|m z (an -1 (a>0)

Solution (a) Rewrite the sumin the equivalent form
A 12/[ i _:LZJ
an4+k2_kZ n n S U I I
2

Let f(x) =1—f7 and g(x) = x. Then
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22

1
#(0) =0 and Io g(x)dx:'Jz‘.

S that by theorem 1,
2 _L] I _:L/[ K
IIm[n s 2T T _lekz n_on T+ 0

1
=f' (O)J‘O g(x) dx =0.
(b) Rewrite the sum in the equivalent form
L ”[Ju _J;]/[ Nk
kZ n o+ kZ n) 1+ n
Let f(x) :1_X—X and g(x) = x*. Then

1 1 _J..
f(0) =1 and J' g(x)dx:J' Xdx=".
0 0 3

S that by theorem 1,
i [_J_ _2_ _nz_] _1
im =7
+12 P +2? n + 3
(c) Let f(x) = A+x-1and g(x) =x. Then

, 41 . 4
f(O)—3 and _IO g(x)dx—2

. = R Kk A\, 1 1
Inlanj”k { A+n2-ﬂ =f (O)J'O g(x) dx = 5

(d) Let f(x) =sinax and g(x) = x. Then

1
f(0) =a and J'O g(x)dx:‘;‘

S that by theorem 1,

S that by theorem 1,
n 1
. . o _a
lim k [sn% =f (O)J'0 g(x)dx = >
(e) Let f(x) =a - 1and g(x) =x. Then
! a
f (0) =lna and .[O g(x) dx = >
S that by theorem 1,

I|m Z (an -1 =

Example 2 Evaluate the following limits:
(a) Lim km[1+i§} )
(© lim knﬁ";—?—l (a%0).

. " ka
d Iim cOS T .
(d) [] IR

n-o

Solution  (a) We can change the product into an equivalent from by writing
i K - Xk 1
1+75 = 1+7%. =

Let f(x) =1+ xand g(x) =x. Then
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1
#(0)=1 and Io g(x)dx:']z‘.

n
. k 3
lim [1+ 5| =e?.
n-o byl n

(b) Rewrite the product in the equivalent from

S that by corollary 2,

Jg_ZL
n+k n 1+

nn L_l Js_:L

1+x

Let f(x) =1 Xand g(x) =x. Then

1
#(0) =2 and Io g(x)dx:'JZ‘

S that by corollary 2,

n
f+k

lim n —e.
noo Ly nz- k

(c) Rewrite the product in the equivalent from
" _(n+Ka _

[lh+wa-17 ﬂ _1_

1+

-1
1- xa

-1

1+ x Then

Let f(x) = and g(x) =

1
f (0):Ja~ and I" g(x) dx =In2.

S that by corollary 2,
_(n+ka _ Fw _ 3
“m(n+k)a 1= =2°.
(d) Rewrite the expresson in the equivalent from

ﬂwsnf ﬂmsa JEW

Let f(x) =cosax and g(x) = x°. Then
2

1
f.(=-2 and I" g(x)dx:‘Js‘

S that by corollary 2
2

L'ID ) cosn Jﬁ_e
If use the graduation agility for [ a,b], s0 it isas could use the theorem to solve many other
types of limit cases.
Example 3 Eval uate of thefollowing limit

i 1, 1

Solution Let f(x) =x,g(x) :_l—, make [0,1] rfinto same parts and chooseapointEk:%
,z + X n

(k=1,2, ,r’) whichin these parts, 0

n2

(144 - §1——
e X
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lim n f[#{#ﬁ]] =1im :Zﬂ;ﬁ:f' (O)I: g(x dx=2(+2- 1).
+n2

S

T a1

=n — (n —»00)
kz Jrt + k »Z " ‘_l_# *
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